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ABSTRACT 
The spectral inverse AS of a Toeplitz matrix A whose form is related to that 
of a circulant matrix is studied by describing the algebraic structure of the semigroup 
of all matrices commuting with a given matrix with distinct eigenvalues. A computa- 
tional form for A8 is given and necessary and sufficient conditions are found for 
As to be the Moore-Penrose generalized inverse A+. 
1. INTRODUCTION 
A square complex matrix A = (a,J is said to be Toeplitz if it is striped 
about the main diagonal so that it has the form 
A= 
Such matrices have important applications in analysis and applied 
mathematics [2, Chapt. 121. Of particular interest has been the question 
of when the inverse of a Toeplitz matrix is itself Toeplitz. In a related 
paper [ll] it is shown that the inverse of a nonsingular Toeplitz matrix A, 
partitioned as 
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where a0 # 0 and B is nonsingular, is itself Toeplitz if and only if there 
exists a number k such that 
When k = 1, A becomes a circulantl matrix where aij = u~_~, 1 < i, i < n 
and a,. = a, for r = s mod n. A matrix of this form is said to be k-circdant. 
We shall consider generalized inverses of matrices of this type. 
For an m x n matrix A, any solution to the equation A = AXA is 
called a generalized inverse of A. If, in addition, X satisfies X = XAX 
then A and X are said to be semi-inverses. Notice that if A = AXA, then 
A and XAX are semi-inverses and AX and XA are idempotent. The 
unique semi-inverse X of A such that AX and XA are Hermitian is called 
the Moore-Penrose inverse [13] of A and is denoted by A+. The properties 
and applications of such inverses are described in a number of papers 
including Penrose [13], Ben-Israel and Charnes [3], Cline [7], and Greville 
[9]. One of the main values of the Moore-Penrose inverse A+, both con- 
ceptually and practically, is that it provides a solution to the least squares 
problem: Of all the vectors x which minimize IIZJ - AxI\, which has the 
smallest llxll2? The solution is A+b. 
In this paper we consider only square matrices A. Let V, denote the 
multiplicative semigroup of all n x n complex matrices. For each A E V,, 
some power of A belongs to a maximal subgroup H of en. If A is singular, 
the smallest positive integer $J such that A P E H is called the index of A [7]. 
Now if A has index 1, the generalized inverse X of A in the group H is 
called, the group inverse of A. Clearly A and X are group inverses if 
and only if they are semi-inverses and AX = XA. Now if the identity 
E of the group H is Hermitian, then the group inverse of A in His just A+. 
In [lo] and [14] a semi-inverse X of A was considered in which the 
nonzero eigenvalues of X are the reciprocals of the nonzero eigenvalue 
of A. These matrices were called spectral inverses. It was shown in [I4] 
1 Such matrices are called cyclic in [5], [6], and [12]. 
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that a nonzero matrix A has a unique spectral inverse, AS, if and only if 
A has index 1, in which case AS is the group inverse of A. 
The purpose of this paper is to investigate generalized inverses of 
k-circulant matrices. In Sect. 2, the structure of the multiplicative semi- 
group of all matrices in Vn that commute with a given matrix having 
distinct eigenvalues is determined. These results are then applied in 
Sect. 3 to the study of k-circulants. 
2. PRELIMINARIES 
Let Z denote an n x n matrix having distinct eigenvalues. The set 
V, of all matrices in V, that commute with 2 is closed under multiplication 
and thus form a semigroup. In this section the algebraic structure of V, 
is given. 
Let D, denote the multiplicative semigroup of all n x n diagonal 
complex matrices. Then D, contains 2” idempotents E = diag{b,,, . . . , S,_,>, 
di = 0 or 1, and is a union of its disjoint maximal subgroups H,, where 
E2 = E. 
Now suppose &,, ill,. . . , II,_.~ are the distinct eigenvalues of Z and let 
T be a matrix whose jth column is an eigenvector associated with ;li_i. 
Then T-lZT = diag{&, ii,. . . , ;i,_1}. The following lemma shows that 
Vz and D, are algebraically the same. 
LEMMA 1. The map A - T-IAT is an isomorphism of %Tz onto D,. 
Proof. Since ZT = T diag{A,, Ai,. . . , jln_l}, A E ‘$7, implies that 
Z(AT) = (AT) diag{&,, Al,. . ., A,_,} 
so that the j - 1st column of AT is an eigenvector of Z associated with 
Aj. Consequently since the eigenvalues of Z are distinct, the jth column 
of AT is a multiple of the jth column of T. Thus T-lAT = diag{A,, Ii,. . . , 
l,_l} is in D,. It follows then that the map A + T-IAT is an isomorphism 
of gz onto D,. n 
By applying properties of the algebraic structure of D,, we have the 
following. 
THEOREM 1. Each A in V, has index 1 and the unique spectral inverse 
AS of A is the only generalized inverse of A in V,. Moreover, if Z is normal 
then A” = A+, the Moore-Penrose inverse of A. 
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Proof. Let DA denote the diagonal matrix T-lAT and let D,’ denote 
the diagonal matrix formed by inverting the nonzero diagonal elements 
of D,. Then A and TD,‘T-1 are spectral inverses in eZ, Since D, is a 
union if its disjoint maximal subgroups, so is V,. Thus AS = TD,‘T-l 
is the only semi-inverse of A in V,. Now if 2 is normal then T can be 
chosen to be unitary. In this case 
(AA”)* = [(TD,T*)(TD,‘T*)]* = (TDAD,‘T*)* 
= T(D,D,‘)*T* = (TD,T*)(TD,‘T*) = AA”, 
so that AS = A+. n 
3. k-CIRCULANTS 
Let k be a nonzero complex number and let Q denote the n x n 
k-circulant 
k 0 0 *.. 0 
(3.1) 
The following lemma is easily verified. 
LEMMAS. An n x n matrix A is k-circtilant if and only if AQ = QA. 
In this case A can be expressed as 
n-1 
A = 2 aiQi 
i=O 
where (ao, al,. , a,_1) is the first row of A. 
Notice that Q has distinct eigenvalues; precisely, the n distinct nth 
roots of k. Thus Theorem 1 applies where 2 = Q. It follows then that 
each k-circulant matrix A has index 1 and the only k-circulant semi- 
inverse of A is the unique spectral inverse AS. In particular, the abelian 
semigroup %YQ is a union of disjoint groups, each of which is isomorphic 
to a direct product of copies of the multiplicative group of all nonzero 
complex numbers. 
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The spectral inverse As of a k-circulant matrix will now be described. 
Let o denote any primitive nth root of unity and let M denote the unitary 
matrix (mij) where 
Then a matrix A is circulant if and only if 
M*AM = diag{,ua, . . , ,u,+~}, 
where the ,IA~ are the eigenvalues of A. Now let 1 be any nth root of k 
and take 
100 *** 0 
oil0 *** 0 
A= 00;12”’ 0 . (3.2) 
Then letting T = AM, the jth column of T is 
1 
t(i) = L 
I&-l 
i 1 (;ld-1)2 ) vn : (&&1),-I (3.3) 
so that 
Qt(i) = t($h+, l<i<YZ. 
Thus T-IQT = diag{A, /IGO, Aw2,. . . , AoY-~}. 
LEMMA 3. Let 1 be any ntF, root of k. Then a matrix A is k-circulant 
if and only if 
A = A&l-l 
for some circulant matrix C. 
Proof. The matrix A is k-circulant if and only if 
T-lAT = diag{pa,. . . , u,_~} (3.4) 
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where T = AM and where the ,ui are the eigenvalues of A. Thus A is 
k-circulant if and only if 
A = AM diag{,u,,, . . . , u,_,}M*A-l. 
The lemma follows by taking 
C = M diag{pa,. . ., u,_,}M*. n 
By applying (3.4) we have the following lemma. 
LEMMAS. Let A be a k-circulant with first row a,,, al,. . . , a,_, and suppose 
i is an nth root of k. Then 
n-1 
pj = 2 ai(hOy)i, i = 0, 1,. . ., n - 1 (3.5) 
i=o 
aye the eigenvalues of A. Moreover, in this case 
ai = t msl p&.~~j)-~, i=O,l,..., n-l. 
3 
Proof. By Eq. (3.4), the n eigenvalues in some order satisfy 
At(i) = t(i),+, 
where t(i) is given in Eq. (3.3). Thus equation (3.5) holds. Then 
so that 
PO 
;&lJ$ I”’ = "1 (1  
a0 
/h-l i: 1 a6 
yielding Eq. (3.6). n 
The spectral inverse As of a k-circulant A can now be described by 
specifying its first row. Whenever Q is normal, A” is the Moore-Penrose 
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inverse A+. The proof of the next theorem follows immediately from 
Lemma 4 and the fact that As is k-circulant. 
THEOREM 2. Let A be k-circulant with first YOW aO,. . . , a,_1 and with 
eigenvalues puo,. . . , pn_l. Let w be a primitive nth root of unity and suppose 
?,n = k. Then the first row, b,, . . . , b,_l of As is given by 
bi = ;n$,(iW)-i, i=O,l,..., n-l, 
3 
where 




The inverse A-l of a nonsingular k-circulant matrix A is always k- 
circulant . However, the Moore-Penrose inverse A+ of a singular k- 
circulant A need not be k-circulant. Necessary and sufficient conditions 
for A+ to be k-circulant will now be given. 
LEMMAS. Let A be k-&&ant and singular. If A+ is k’-circulant for 
some k’, then k’ = l/k. 
Proof. Let A* = k and suppose A has the form (3.2). Then A = 
ACA-l for some circulant C so that 
A* = (/I-l)*C*A*. 
Then since l/i is an nth root of l/k, A* is l/k-circulant. Since A has index 
1, so does A*. Let E denote the identity of the maximal subgroup H of 
the semigroup V, of all n x n complex matrices, where A* E H. Then E 
is also the identity of the maximal subgroup of l/k-circulant matrices 
containing A*, so that E is l/k-circulant. But A+ E H and since A+ is 
k’-circulant, so is E. But E # I and thus k’ = l/k. n 
THEOREM 3. Let A be k-circulant and singztlar. Then A+ is k-circulant 
if and only if k lies on the unit circle. 
Proof. If A+ is k-circulant then k = l/k by Lemma 7. Thus Ikl = 1. 
Conversely, suppose Ikl = 1. Let An = k and let A have the form 
(3.2). Then if A = rlCA-1 for some circulant C, A-l = A* so that 
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A+ = AC+A-I. 
Then by Lemma 3, A+ is k-circulant n 
COROLLARY. If A is k-circulant for some k lying on the unit circle 
then A” = A+. 
4. EXAMPLES 
1. The method given in Theorem 2 for constructing the spectral 
inverse AS of a k-circulant matrix A is illustrated by the following example. 
Let 
A= 
Then A is 1-circulant and so the spectral inverse is the Moore-Penrose 
inverse. Let c0 = i = VYi. Then by Lemma 4 the eigenvalues of A are 
(ui = 2 + wi - f+, i = 0, 1, 2, 3, 
so that ,u,, = 2, ,ui = 3 + i, ,u2 = 0 and ,LJ~ = 3 - i. Thus by Theorem 2, 
the first row of As is b,, b,, bB, b3 where 
+ 0-3t 1 ~ 3--i ’ t = 0, 1,2,3 
and so b, = 11/40, bI = 3140, 6, = - l/40 and b3 = 7140. 
Hence 
2. By Lemma 5, if A is k-circulant and A+ is k’-circulant then k’ = 
l/k_ In general, however, A+ need not be k’-circulant for any kl, as the 
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The problem of characterizing A+, in some useful way, for an arbitrary 
K-circulant matrix A remains open. 
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